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A gradientin the plasmadensity acrossthe guiding magneticbeld can supporta low-frequency
radially localizedhelicon!RLH" wavein a plasmacolumn.If the radial densitygradientchanges
along the magneticbeld, this wave can undepgo ref3ectionand also excite conventionawhistlers.
This paperpresentscalculationsof the correspondingelRectioncoefbcientjncluding the effect of

whistler radiation. It is shownthat a sharplongitudinal density drop causesa nearly complete
reRectionof the RLH wave. The longitudinalwavelengthof the excitedwhistlersis much greater
than that of the RLH wave, and, as a result, only a small fraction of the RLH wave enegy is

transferredo the whistlers.© 2006 Americanlinstitute of Physics #DOI: 10.1063/1.221236¥

I. INTRODUCTION

This work is motivatedby the developmentf helicon
plasmasourcesfor plasma-basedpacethrusters-? Opera-
tion of suchsourcesusually involves excitationof rf eigen-
modesin the plasmaef Although helicon sourceshave been
extensivelystudiedin Iaboratoryexperiments“, the closed-
endlaboratorydevicesdo not quite reproducehe conditions
of a plasmathruster becauseone end of the sourcemustbe
openin athruster It is thenimportantto understandvhether
havingan open-endsystemwould still allow the rf wavesto
be conbnedinside the sourceas they are in laboratoryex-
periments.

The operationalfrequencyof helicon sourcesis below
the electrongyrofrequencyandabovetheion gyrofrequency
In uniform plasmaswhistler wavesbelongto this frequency
ranges. However in actual helicon plasma sources,the
plasmadensityis usually nonuniformacrossthe equilibrium
magneticbeld. This nonuniformity can modify dramatically
both the whistler wave structureandits dispersionrelationfs
A radial density gradientin a plasmacylinder can createa
potential well for whistlers, allowing radially localized
solutions’ We refer to such solutionsas radially localized
helicon!RLH" waves.

It is noteworthythat RLH wavesmust have a nonzero
azimuthalmode number m.” An essentialelementof RLH
wavesis the presencef a Hall currentin thedirectionof the
plasmadensity gradient, which vanishesfor axisymmetric
Im=0" modes.The radial Hall currentgeneratesn electron
currentalong the equilibrium magneticbeldto keepthe di-
vergenceof the total plasmacurrentequalto zero and pre-
vent chage separation.

The RLH modehasbeenidentibedexperimentallyby its
resonantresponseto the rf antennd. The power balance
analysispresentedn Ref. 8 showsthat this mode provides
the dominantpower depositionmechanisninto the helicon
dischage. The radial gradientof the plasmaprohibits con-
ventional luniform plasmé whistlersin that particular ex-
periment.The modedampingratemeasuredn Ref. 8 isrela-
tively low, which allowsthe RLH waveto travel manytimes
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alongthe plasmawithout signibcantdissipation.This leaves
no doubtthatthe waveis trappedaxially alongthe magnetic-
peldlines. Whatis lessobviousis whetherthe end walls or
the plasmaitself areresponsibleor suchtrapping.This dis-
tinction is crucial for spacepropulsionapplications,where
the plasmasourceis opendownstream.

RLH wavesmay still be conbPnedaxially in an open-end
systemdue to intrinsic nonuniformity of the plasmain the
axial direction. The underlying reasongfor such nonunifor
mity canbe ion acceleratiorby the ambipolarelectric beld
andradial plasmalosses’ It is thereforeimportantto exam-
ine the behaviorof RLH wavesin longitudinally nonuniform
plasmas.

In this paper we considerthe RLH wave propagation
within a slabmodelof the plasmacylinder, so thatthe x and
y coordinatesorrespondo the radial and azimuthalcoordi-
nates,respectively The z axis is directedalong the unper
turbedmagneticbeld. The equilibrium plasmadensityis as-
sumedto be a function of x and z only, i.e., it is uniform
along the y axis. The azimuthalwave numberof the RLH
wave reportedin Ref. 8 is m=+1. The characteristiqadial
and azimuthalscalesfor this mode are comparableto each
other and they are much shorterthan the axial scaleof the
wave, sincethe plasmais elongatedln orderto incorporate
theseessentiaklementsnto the slabmodel,we assumehat
the wave hasa Pnitey componenbf the wave vector 'k,".
This ensureghat thereis a nonzerocomponenbf the elec-
tron 'E! B"-drift velocity alongthe densitygradient!the x
axis'. We also assumethat the characteristiclongitudinal
scaleof the wave Peldis muchlongerthank; ', whereashe
characteristidransversescalesare comparableto k; *.

We usethe slab modelto considerpropagationand re-
Rectionof an RLH wavethatis localizedin x andtravelsin
the z direction. We assumethat the incident wave comes
from z! ", wherethe unperturbedplasmadensityis uni-
formin z but nonuniformin x. Thedensityis alsoassumedo
be independenpf z at z!' +" . The rel3ectiontakesplace
within a Pniteintervalaroundz=0, wherethe plasmadensity
is both x- and z-dependentWe show that a sharpdrop in
plasmadensityalongthe magneticbeldcauses nearlycom-
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plete reRectionof the incidentRLH wave. The ref3ectionis
generallyaccompaniedby radiationof whistler waveswhose
wavelengthis much greaterthanthat of the RLH wave.We
Pnd that only a small fraction of the RLH wave enepy is
transferredo theselarge-scalewhistlers.

The paperis organizedasfollows. In Sec.ll, we derivea
reducedequationthatdescribesvhistlersandRLH waves.In
Sec.lll, we considerreRRectionof RLH wavesin a longitu-
dinally nonuniformplasma.SectionlV addresseshe linear
transformatiorof an RLH waveinto large-scalevhistlers.In
Sec.V we summarizethe results.

II. BASIC EQUATIONS

The wavesunderconsideratiorbelongto the frequency
rangeof

#o$ #S Hy, 1

where # is the wave frequency and #..%&®8,/m,c and

#.%&By/mc are the electron and ion gyrofrequencies.

Note that the quantities# .. and # arepositivein our nota-
tion. The wavesare describedby the following linearized
equations?®

49
#1 B=—1, 12"
188
#! E=! ———, 13"
c&
0=E! j! Bg, 14"
0CJ 0

whereng andBy%Bge, arethe equilibrium densityandmag-
netic beldand B, E, andj arethe perturbedmagneticbeld,
electric bpeld,and electroncurrent.

Equations!2" and!3" are Maxwell®@ equationswithout
the displacementurrent. The displacementurrent can be
neglectedwhen the plasmais sufpciently dense,so that
#0e$ #ce Where #p.% 490e?/m, is the electronplasma
frequency Equation!4" is the electronequationof motionin
the zero-inertidimit, whichis justibPedat # & # .. This equa-
tion impliesthatthe plasmacurrentacrosshe magneticbeld
is the electronHall current.It alsoshowsthat the perturbed
electricPeld E is orthogonalto B,. The z componentof E
vanishes due to high electron conductivity along the
magnetic-peldines, provided that the characteristicscale
lengthsof thewavepbeldsandplasmadensityaregreaterthan
the plasmaskin depthc/#.. Note that this assumptiorau-
tomatically excludeselectrostationodesfrom the analysis.

Sincethe plasmais uniform in the y direction,we usea
Fourier expansionof the perturbedbeldsto selecta single
harmonicthatdependsony ase®Y. Thetime dependencés
assumedo be € '#, Elimination of B andj reducesEgs.
12"B14" to a closedsetof equationgor E, andE,,

%, _FE, £ #2

ky$x+k§ &2 #oo C =k

y 15"
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ky—l $2_ZY $2 |EX_ 6"
& $z2 #Ce

As explainedin the Introduction,we will treatthe z de-
rivatives as being smallerthan k, and the x derivativesas
beingcomparableo k. In this limit, the eigenfrequencyf a
whistler wave satispeghe condition

ke?
#& Ho 17"

pe
wherekZc?/#2.& 1, andis given by’

#( # G+ I8 -
ce #rzje ] H
with k,=!i$/$ and k,=! i$/ $. We assumethat condition
17" holdsfor all wavesunderconsiderationwhich makesit
convenientto introducea dimensionles$unction

2
G% i%‘% &1 19"
#eKiC
thatwill be treatedasa small quantity
Next, we useEq.!5" to expressE, in Eq.!6" in termsof
E,, $,/%, and $E,/ %2 Collecting E, termson the left-
handside and E, termson the right-handside, we Pndthat
Egs.!5" and!6" transformto

|kyE ! | :k%(thGE 110"
#\EX ., FE LPE L5
ik, g)— ! I@G@Z@@Y! k:;&Ey+ kstEy.
111"

We now make use of the smallnessof the z derivatives
and G. To lowest order in thesesmall quantities,we put
$/&=0 andG=0 in Eq.!10" to Pndthat

: =

ik Ey=—. 112"
y=X X

We usethis relationto eliminate E, from Eg. !11" and we

omit the secondterm on the left-handside of Eq. !11", since

for G& 1 it is much smallerthanthe brstterm. We thereby

reduceEq. 11" to

é)% KCE *—! k3§E + KG?E, . 113"

It is conveniento eliminatek, from Eq.!13" by replac-
ing x andz by x/k, andz/k, with x andy beingdimension-
lessvariablesfrom now on. ThenEq. 13" takesthe form

*
$2)$QEI E =! EE+GZE
27 % $><
wherethe subscripty is omitted for brevity, so that E%E,.

As shownbelow Eq.!14" describedoththe whistler waves
andthe slabversionof the RLH waves.

114"
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In the caseof a longitudinally uniform plasma,#/ %
canbereplacedy ! 5 with E( € 7 ConsequentlyEq.!14"
takesthe form of a one-dimensionaSchrsdinge® equation
for a Oparticle@ith an OenayO) ,=! 1,

E
S 4! UnE=0, 115"
where
1 *
U!x"%l—z)Gzl % 116"
z

is the effective potentialenegy. If the plasmais alsouniform

in x, then U!X" is a constantand Eq. 15" describesOfree

motionOwith a constantOmomentum,Ge. E( € ¥, with

1 GZ| .
2
z

(-
x= %

17"
Equation!17" is equivalentto the whistlerdispersiorrelation
in the limit of small longitudinalwave numbers. OFreeno-
tionOimplies that the potential enegy is lower than ),
which requiresG* & ,&

In a nonuniform plasma,the dominantcontribution to
the potential enegy tendsto come from $G/ %, as the G?
termis relatively small for G& 1. We observethat a mono-
tonically decreasingdensity proble can createa potential
well. For example,G!x"( constarctanx" producesa poten-
tial well locatedat x=0. Dependingon the depthof the well,
therecanbe oneor moreboundstatesThe depthof the well
scalesas ' 2, so thatfor any boundstatethereexistsa value
of ', suchthatthe boundstateenepy is equalto ) .

Cllonsidera step-like density proble that createsa +
well,

1%
I§ $(
Theenegy of theonly boundstatein thiswell is! & G&2' §

The requirementthat this enegy equals) ,=! 1 selectsthe
following valueof '

2=8 G&2.

This equationreproduceshe dispersiorrelationfor the RLH
wavesderivedin Ref. 7. We thus concludethat, in the con-
text of the quantum-mechanicanalogy RLH wavesrepre-
sentdiscreteboundstateswhereasvhistlerwavesbelongto
the continuousspectrum.

uix"( I =5 #AX". 118"

z

119"

IIl. NONRADIATIVE PROPAGATION OF RLH WAVES

In this section,we considerpropagationof RLH waves
in a longitudinally nonuniformplasmain the regimewhere
whistlerwavescanbe neglectedA genericdensityprobleof
interestis shownin Fig. 1. It is nonuniformin thex direction,
with $1/$- 0, sothatthe plasmacansupportan RLH wave.
The density is z-dependentonly within a Pnite interval
aroundz=0. We assumehatthereis anincidentRLH wave
with a givenfrequency# atz! !".

Under the condition G& 1, RLH waves are typically
much shorterthan whistler waves.lIt follows from Eq. !17"
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FIG. 1. Normalizedplasmadensityproblewith a gradientalongthe x axis.
The densitygradientchangesn the vicinity of z=0. The densityis normal-
ized to Ny %#!X,2'y |- .4 1+ andcoordinatesx and z are normalizedto
1/k,.

thatthelongitudinalscalelengthof whistlerwavesis at least
1/G. On the otherhand,the characteristidongitudinal scale
length of RLH wavesis 1/ & Gé&#seeEq.!19'$ For a non-
uniformity with & G& G, RLH waves are indeed much
shorterthanwhistlerwaves.Longitudinalscalesof RLH and
whistler wavescan becomecomparableonly in the caseof
very weak nonuniformitywith & G& G2.

The differencein scalesimplies that RLH waves are
only weakly coupledto whistler waves.We can then limit
our considerationjustto RLH wavesandneglectin Eq. 14"
the G? termthatis only importantfor whistlerwaves.For the
sakeof simplicity, we assumehatthe densitychangesn the
x direction on a scale smaller than the transversescale of
RLH waves.In this case the transversalensitygradientcan
be treatedasa +function, so that

%( I & GI1Z'&IX",

120"
whereit is explicitly assumedhat $n!x,z'/ $- 0. This sim-
plibcation allows us to constructan x-localized solution in
the form

Elx,z'=Ejlz'e¢ % 121"

which automaticallysatispesEq. 114", without the G? term,
for x* 0 and x- 0. To Pnd an equationfor the amplitude
Eo'Z', we integrateEq. !14" over a small vicinity of x=0,
which yields

FE_, & Glz'g

If the plasmadensityis a smoothfunction of z with a
scalelengthmuchgreaterthanl/ & G&thenthe WKB ap-
proximation appliesto the incident RLH wave, indicating
that the wave propagatesalong z without much ref3ection.
For shorterplasmadensityscalelengths,ref3ectionbecomes
increasinglyimportant.

122"
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The rel3ectionis mostpronouncedvhenthe densityhas
a discontinuityat z=0, suchthat

& G!Z'& /1 72'& G1&+ /12'& G,&
where/!Z" is the stepfunction and & G,&and & G,&arethe

valuesof & G&at z- 0 and z* 0, respectively The corre-
spondingsolutionof Eq. 122" is

E.d7 G802 &&y | 17 &G@8& 7. (;

123"

Eolz'= —_—

124"

whereE- is a given amplitudeof the incidentwave and E;

and E, are the amplitudesof the reRectedand transmitted
RLH waves that satisfy matching conditions for Ey; and
$E,/ $z at z=0. The ensuing relBection coefbcientR and
transmissiorcoefbcientT are

£8& Y1 o%k .
R= = , 125
&& J1+0
&& 40 .
T=1! = >, 126
&& 11+0

where 0% & G,/, G1&As seenfrom theseexpressionsthe
reRectionapproached00% and the transmittedpower goes
to zerofor 0! 0.

To be more precise,Eqs.!25" and!26" needto be cor-
rectedif the transversalensityjump at z* 0 is so smallthat
& G,& G2 In this case,the transmittedRLH wave is no
longer much shorterthan the whistler wavesradiatedfrom
the vicinity of the z=0 point. Although the whistler waves
needto be takeninto consideratiorto Pndthe correctref3ec-
tion andtransmissiorcoefbcientsthe ref3ectionis still going
to be very closeto 100%,becausehe longitudinal scalesof
the incident RLH wave and the whistler wavesare signib-
cantly different.

In order to addressthe situation with small & G,&in
more detail, we considera specialcasein which , G,=0.
Then the plasmaat z* 0 can supportonly whistler waves
and all the transmittedpower is attributedto radiation of
whistlers. This caseinvolves a technicalchallenge because
onehasto takeinto accounthe large-scaleeomponenbf the
wavebeldbothat z* 0 andz- 0. The nextsectionpresents
an analytical treatmentof this problem. Our calculations
show that the radiatedpower is indeedsmallerthan the re-
Rectedpower and the ratio of the two is of the order of
G?1& G,&

IV. RADIATION OF WHISTLERS

In orderto examinethe transformationof RLH waves
into large-scalewhistler waves,we retainthe G termin Eq.
114" andput, G,=0 in the expressiorfor $&/ % #seeEqgs.
120" and!23"'$ so that

*
ﬁ)g—fl E ! GE=/!
8227 8

Similarly to the previoussection,we areinterestedn the

limiting caseof & G,& G2. However we makeanadditional

Z'AX'E& G1& 127"
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simplifying assumptiorthat & G,& && which allows us to
treat G2 as a constantand makesEq. !27" parity-invariant
with respectto x.

Similarly to Eq. !21", the incidentRLH solution of Eq.
127" is an evenfunction of x. It is thereforeappropriateto
limit our consideratiorto solutionsthat are symmetricin x.
The correspondind-ourierrepresentationf E is

4

E 1z'=. EIxZz'cod’ x"dx, 128"
[
with E satisfyingthe Fouriertransformedeq. 127",
12 "$2E'X 1 /1 102 : ’l 129"
re+1 o7 +E =1 /11 172 .. Er).(d L 129
where
1% zG, 130"
' 4G&
2% ——% 1. 131"
296G

In this notation,the beld of the incident RLH wave is
E ) 1":3,Xe"zﬂG, where

1 1

' 12 2,2( 12
x 11 Gy Tl

132"

and the value of ', is given by straightforwardlymodibed
Eqg. 119"

&Glggz&zé'g! G2( 2'2 133"
Note that the amplitudeof the incidentwaveis not normal-
ized. The beld of the reRectedwave canthen be written as
E 11'=43. ¢""7/S, where 4 is a complexamplitude that
remainsto be found. It is importantto point out that 4 is
independendf ’,.

Taking into accountthe known structureof the RLH
waves,we represenE. asasum of threeterms,

E 11'=3 1&'2C+ 4e"0%/11 1"+ F. 11", 134"
The last term describeghe radiatedwhistler wavesthat ac-
companyrel3ectionof the incidentRLH wavefrom the den-
sity discontinuityat 1=0. The problemnow reducego bnd-
ing F,x! 1" and 4 from Eq. 129"

The peld of the radiatedwhistler wave at 1* 0, where
the right-handside of Eq. !29" vanishes,can easily be ex-
pressedn termsof the total Peldat 1=0,

F. II'=E. 10"¢*, 135"
where
s%1 241, 136"

ands is positive,becausehereareno whistlerwavescoming
from 1=+" .
For 1- 0, Eqgs.!29" and!34" yield
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FF. Qr
7 +F =5, 137"
$7 x 249
whereQ! 1" is a functional of F,X! 1,
o
Ql1'%! 22. F'J(!l"d',l(. 138"

Equation! 37" describesadiationof whistlerwavesby a self-
consistentlydeterminedsourceQ! 1'. This equationgivesthe
following expressiorfor F T in termsof Q! 1"

F II'=A €%+B. &'

1 ' 0 1
N Q5 ersgs, | LI ges 1"d50
28" . 2+1 P

139"

WhereA,X and B. are functionsof ', only. The continuity
conditionsfor E: and $E. /$1 at 1=0 yield two equations
for A,X and B,X,

f 0 '
i 15" .
3 11+4"+A +B. | —, Qz—e“55d5: E. !0,
X X X 23 o ’X+1 X
140"
$ i % Qs
3. 111 4"+8lA 1 B " =, ———¢€!d5=sE. 10"
G X X X 2 I ’X+1 X
141"

We now eliminate A and B from Eq. 39", which
gives

FI'= Erx!O"eiSl! 3:/!1 + 4"codsI"

il
+—4111 4"sin!sl"O
sG

0 R '
Lo 5,sm!s#5! 13

———d5. 142"
, si'2+1

+

Thereareno whistler wavescomingfrom 1=!" and,there-
fore, all termsproportionalto €5 on the right-handside of
Eq.!42' mustvanishas 1! ! ", which determine:E'X!O",

3, / 1 O | 0 QlSle!iS5
E 10'=—=[11+4"+ 2111 U -, ———d5
x 2 sG 2%, sl"247"
143"
In orderto Pnd 4, we note that Eq. !43" must give a
Pnite value of 1. E. 10"d",. On the other hand, it follows

from Eq. 143" that E.XX! 0" is proportionalto 1/&,&for large
valuesof &,&

’ H O
E 10"( /11! 4" E Q!5'd5O

2&,& z 1

144"

Fortheintegrally. E. 10"d’ to convege, thesquare-bracket
termin Eq. !44" mustvanish.This requirementyields

Phys. Plasmas 13, 062107 !2006"

0.2 T

ReQ({)

0.4 : : :
~20 -15

FIG. 2. Realandimaginarypartsof the solutionof Eq. !47" in the limiting
caseof 2$ 1.

ic ° 1)Yi °
4=11 —, Q!5d5( 1! —).\_.
K 2] % -

Next, we useEgs.!43" and!45" to eIiminateE,X!O" and
4 from Eq. 142",

*
Q5d5 . 145"

i *
F.I17"=1 3 e! isl+ I_)E_,_} 3. e! is1
X X 2 'Z S X
0 H 0 14isla 1
i 2Qi5es
- 15d5!) —p ————
!..Q 2%, s+
1 Q!S-eis!1!5'

i
| —
2%, 82+

146"

Finally, we integrateEq. !46" over ', to obtain an integral
equationfor Q! 1,

Ql 1 _ +" e! iSldl x| |_/ +" e! iSld' xO

22 " ’)2(+1 2 1 1)2(+l
0 H +" 0 Aists 1
i 15'€®
Iy Q'5'd5+—-, d'y. Qqu5
e 2y 1 +1
i +" 1 !5|eiS! 15
+-a d'y. Qn—d5. 147"
K = ')2(+1

In deriving Eq. 47", we have taken into account that
',$ sG, sothat 3, ( 1/! ’)2(+ 1". After Q! 1" is foundfrom Eq.
147", onecanreadily calculatethe amplitudeof the re3ected
wavefrom Eq. 145"

Beinginterestedn thelimiting caseof 2$ 1, we neglect
the left-handside in Eq. !47'. The resultingequationhasa
universalform, as it doesnot contain 2. It can be solved
iteratively following the proceduredescribedn the Appen-
dix. The correspondingsolutionof Eq.!47" is shownin Fig.
2. It yields the following value of 4 #seeEq. !45'$
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0.377
4( 1! ——. 148"
2
The ensuingref3ectionand transmissiorcoefbcientsare
0.754
Rz&&(l!—;—, 149"
0.754
T=1! R( — 150"

V. SUMMARY

We haveconsideredhe propagationof waveswith fre-
guenciesn the heliconrange! #..$ #$ #" througha mag-
netizednonuniformplasmawherethe equilibrium magnetic
Peldis directedalongthe z axis andthe equilibrium plasma
densityis a function of x andz only. The wavesundercon-
siderationhavea Pnitey componenbf the wavevector!k,"
and their characteristiclongitudinal scaleis much longer
than k!, whereasthe characteristictransversescalesare
comparableo ki *.

Therearetwo distinct typesof wavesin the considered
frequencyrange:RLH andwhistler waves.In the caseof a
longitudinally uniform plasmawith a densitygradientacross
the magneticbeld, the wave equationtakesthe form of a
one-dimensionaSchridinge® equatior#Eq. ! 15'$ We have
shown that RLH waves representdiscrete bound states,
whereaswhistler wavesbelongto the continuousspectrum.

In Secs.lll andIV we useda slabconbguratiorto ana-
lyze the reBectionof an RLH wavetravelingin the z direc-
tion in alongitudinally nonuniformplasma.The plasmaden-
sity is independenbf z at z! +", so that reRectiontakes
placewithin a bnite interval aroundz=0, wherethe plasma
densityis both x- andz-dependentln generalthe rel3ection
of RLH wavesis accompaniedby the radiationof whistlers.

The wave beld structureis decidedby the proble of a
single dimensionlessunction G%! #/ # "1 #5./K;c*" thatis
proportionalto the plasmadensity#Eq. !9"$ This functionis
a small quantity for the wavesunderconsiderationG& 1"
and,asa result,the RLH andwhistler waveshavedifferent
longitudinal scalelengthsand are only weakly coupled.In
the caseof & G& G, where, G corresponddo the density
drop acrosshe magneticbeld,RLH wavesaremuchshorter
thanwhistler waves.

Takingadvantagef weakcouplingbetweerRLH waves
andwhistlers,we brstaddresghe problemof RLH ref3ection
without radiationof whistlers.The re3ectionoff the longitu-
dinal nonuniformity is most pronouncedwhen its scale
lengthis much shorterthan the longitudinal scalelength of
theincidentwave.The correspondingel3ectioncoefbcienis

)1!0*
R=
1+0

where 0% & G/, Gi&and & G;&and & G,&correspondo
the densitydrop acrossthe magneticbeldat z- 0 andz* 0,
respectively The ref3ection approaches100% for 0! O.
Equation!51" is valid only if the transverselensityjump at
z* 0isnotvery small!& G,& G?'.

, 151"
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Radiatedwhistler wavesmust be takeninto accountin
the caseof a very weak nonuniformity !& G,& G?", when
the longitudinal scale length of the radiatedwhistlers be-
comescomparableo that of the transmittedRLH wave. In
orderto addresghe situationwith small, G, in moredetail,
we haveconsidereda specialcasein which, G,=0. In this
casetheplasmaatz* 0 cansupportonly whistlerwavesand
all the transmittedpower is attributedto the radiation of
whistlers. The ensuingref3ection coefbcient#Eq. 149'$ is
closeto unity, becausehe longitudinalscalesof the incident
RLH waveandthe radiatedwhistlersare signibcantlydiffer-
ent.

Finally, it mustbe pointedout that the smallnesf the
dimensionlesgunction G implies that the wavesundercon-
siderationare elongated,such that the characteristicscale
length of the wave Peld along the magnetic-Peldines is
much bigger than the characteristicscalelength acrossthe
peldlines.Indeed,it follows from the dispersiorrelationfor
the RLH wavestseeE(q. !19'$thatthe conditionG& 1 trans-
latesinto ',& 1, where ', is the longitudinal componentof
the wave vector normalizedto k. The extentof the RLH
wave elongationdetermineghe coupling betweenthe RLH
andthe whistler waves.For example the fraction of the in-
cidentRLH waveenegy thatgoesinto the radiatedwhistlers
is roughlyequalto ', for anonuniformitywith & G& G #see
Egs. 131" and !50'$¢ Therefore, coupling between RLH
wavesand whistlers should be strongerin compactplasma
sourceswith an orderof unity aspectratio.
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APPENDIX: ITERATIVE PROCEDURE FOR SOLVING
EQ. M7E

Beinginterestedn thelimiting caseof 2$ 1, we neglect
theleft-handsidein Eq.!47". To improvethe convegenceof
integralsin Eq. '47', we differentiateEq. 147" twice with
respectto 1. The resultingequationhasa universalform, as
it doesnot contain?2,

+ e! |sldrx
12 "
R R

I/ +" e! isldrx O
=0 of » T a
tX

0 i +" 0 Q' Sleis!ﬂ I
- 15d5+ =, d'ya —5—=75
[ Q 2 " § 1 t i + 1"3/2

d5

i 1 1Aistl 5
[ 15'¢

+ . d')(l Q
2. y

———=5d5. IA1"
K i + 1"3/2

It is conveniento eliminateoscillationsin Q! 1" by introduc-
ing a new function,

Downloaded 27 May 2008 to 128.83.179.119. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



062107-7 Propagation of radially localized helicon waves!

WI 1" % Q! I"e L. IA2"
Equation!A1" transformsto
| +" e!i!s! 1"ldrx
O .
=M 1I'! RII", WI5'e %5
[
0 1
+ ., RI1! 55Wi5'd5+ , Al5! 1'W15'd5,
1 [
IA3"
where
i +" e!i!s! l"ldrX
11" 9% — — 1A4"
R 1 A)Z.!" T A4
i ogilsige
171" 04 — _— ] "
Al1 /02.!" e IA5

We solve Eq. !A3" numerically using consecutivetera-
tions. Our pbrststepis to PndW,! 1" satisfyingthe equation

o glitsl 1M1y 0
o ——= %N, 1"+ . RI1! 5'W,!5d5.
1 2+ 1"2
[ X 1

1AG"
We thenuseW,! 1" to computethe termsin Eq.!A3" thatdid

not enterEq. !A6". Our nextstep,which is the prstiteration,
is to PndW;! 1" satisfyingthe equation

Phys. Plasmas 13, 062107 !2006"

| +" e! ils! l"1drx
BT R
0 .
=N T'! RII", W,!5%€ 5
o
0 1
+ ., RI1! 5W,!5'd5+ , Al5! I'W,!5'd5.
1 [
IAT7"

After that, we replaceW! I' by W,! I" and W,! " by W,! 1",
This gives us an equationfor our seconditeration that we
solve to bnd W,!1'. We continue this procedureuntil we
achievedesirableprecision.

Since@V!1'& Oas1! !",we cantruncatetheinterval
on which the equationis solved,

1! #1.,0% IA8"
We take L. =! IN! 1"+=! 80, where +=0.02 is the stepsize
andN=4001is the numberof grid pointson a uniform grid
that we use.We compute4 after eachiteration and we de-
terminethe convegenceby trackingthe value of 4. It takes
15 iterationsfor the relative changein 4 to becomesmaller
than1%. Thesolutionof Eq.!47" after 15 iterationsis shown
in Fig. 2.
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1 whatfollows, the approximationof the transverselensitygradientby a
+ function implies that the density changesn the x directionon a scale
thatis smallerthanthe transversescale,but still greaterthanc/# .

Downloaded 27 May 2008 to 128.83.179.119. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



