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A gradientin the plasmadensityacrossthe guiding magneticÞeld can supporta low-frequency
radially localizedhelicon !RLH" wave in a plasmacolumn.If the radial densitygradientchanges
along the magneticÞeld,this wavecanundergo reßectionandalsoexciteconventionalwhistlers.
This paperpresentscalculationsof the correspondingreßectioncoefÞcient,including the effect of
whistler radiation. It is shown that a sharp longitudinal density drop causesa nearly complete
reßectionof the RLH wave.The longitudinalwavelengthof the excitedwhistlersis muchgreater
than that of the RLH wave, and, as a result, only a small fraction of the RLH wave energy is
transferredto the whistlers.© 2006AmericanInstituteof Physics. #DOI: 10.1063/1.2212367$

I. INTRODUCTION

This work is motivatedby the developmentof helicon
plasmasourcesfor plasma-basedspacethrusters.1,2 Opera-
tion of suchsourcesusually involvesexcitationof rf eigen-
modesin the plasma.3 Although helicon sourceshavebeen
extensivelystudied in laboratoryexperiments,4 the closed-
endlaboratorydevicesdo not quite reproducetheconditions
of a plasmathruster, becauseoneendof the sourcemustbe
openin a thruster. It is thenimportantto understandwhether
havinganopen-endsystemwould still allow the rf wavesto
be conÞnedinside the sourceas they are in laboratoryex-
periments.

The operationalfrequencyof helicon sourcesis below
theelectrongyrofrequencyandabovethe ion gyrofrequency.
In uniform plasmas,whistlerwavesbelongto this frequency
range.5 However, in actual helicon plasma sources, the
plasmadensityis usuallynonuniformacrossthe equilibrium
magneticÞeld.This nonuniformitycanmodify dramatically
both the whistler wavestructureandits dispersionrelation.6

A radial densitygradientin a plasmacylinder can createa
potential well for whistlers, allowing radially localized
solutions.7 We refer to such solutionsas radially localized
helicon!RLH" waves.

It is noteworthythat RLH wavesmust havea nonzero
azimuthalmodenumber, m.7 An essentialelementof RLH
wavesis thepresenceof a Hall currentin thedirectionof the
plasmadensity gradient,which vanishesfor axisymmetric
!m=0" modes.The radial Hall currentgeneratesan electron
currentalong the equilibrium magneticÞeld to keepthe di-
vergenceof the total plasmacurrentequalto zero and pre-
vent charge separation.

TheRLH modehasbeenidentiÞedexperimentallyby its
resonantresponseto the rf antenna.8 The power balance
analysispresentedin Ref. 8 showsthat this modeprovides
the dominantpower depositionmechanisminto the helicon
discharge. The radial gradientof the plasmaprohibits con-
ventional !uniform plasma" whistlers in that particular ex-
periment.Themodedampingratemeasuredin Ref.8 is rela-
tively low, which allowstheRLH waveto travelmanytimes

alongthe plasmawithout signiÞcantdissipation.This leaves
no doubtthatthewaveis trappedaxially alongthemagnetic-
Þeld lines.What is lessobviousis whetherthe endwalls or
the plasmaitself areresponsiblefor suchtrapping.This dis-
tinction is crucial for spacepropulsionapplications,where
the plasmasourceis opendownstream.

RLH wavesmaystill beconÞnedaxially in anopen-end
systemdue to intrinsic nonuniformity of the plasmain the
axial direction.The underlyingreasonsfor suchnonunifor-
mity can be ion accelerationby the ambipolarelectric Þeld
andradial plasmalosses.9 It is thereforeimportantto exam-
ine thebehaviorof RLH wavesin longitudinallynonuniform
plasmas.

In this paper, we considerthe RLH wave propagation
within a slabmodelof theplasmacylinder, so that thex and
y coordinatescorrespondto the radial andazimuthalcoordi-
nates,respectively. The z axis is directedalong the unper-
turbedmagneticÞeld.The equilibrium plasmadensityis as-
sumedto be a function of x and z only, i.e., it is uniform
along the y axis. The azimuthalwave numberof the RLH
wave reportedin Ref. 8 is m= +1. The characteristicradial
and azimuthalscalesfor this modeare comparableto each
other and they are much shorterthan the axial scaleof the
wave,sincethe plasmais elongated.In order to incorporate
theseessentialelementsinto the slabmodel,we assumethat
the wave hasa Þnite y componentof the wave vector !ky".
This ensuresthat thereis a nonzerocomponentof the elec-
tron !E! B"-drift velocity along the densitygradient!the x
axis". We also assumethat the characteristiclongitudinal
scaleof the waveÞeldis muchlongerthanky

! 1, whereasthe
characteristictransversescalesarecomparableto ky

! 1.
We usethe slab model to considerpropagationand re-

ßectionof an RLH wavethat is localizedin x andtravelsin
the z direction. We assumethat the incident wave comes
from z! ! " , wherethe unperturbedplasmadensity is uni-
form in z but nonuniformin x. Thedensityis alsoassumedto
be independentof z at z! +" . The reßectiontakesplace
within a Þniteintervalaroundz=0, wheretheplasmadensity
is both x- and z-dependent.We show that a sharpdrop in
plasmadensityalongthemagneticÞeldcausesa nearlycom-
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plete reßectionof the incidentRLH wave.The reßectionis
generallyaccompaniedby radiationof whistlerwaveswhose
wavelengthis muchgreaterthanthat of the RLH wave.We
Þnd that only a small fraction of the RLH wave energy is
transferredto theselarge-scalewhistlers.

Thepaperis organizedasfollows. In Sec.II, we derivea
reducedequationthatdescribeswhistlersandRLH waves.In
Sec.III, we considerreßectionof RLH wavesin a longitu-
dinally nonuniformplasma.SectionIV addressesthe linear
transformationof anRLH waveinto large-scalewhistlers.In
Sec.V we summarizethe results.

II. BASIC EQUATIONS

The wavesunderconsiderationbelongto the frequency
rangeof

# ce $ # $ # ci , !1"

where # is the wave frequency, and # ce%&e&B0/mec and
# ci %&e&B0/mic are the electron and ion gyrofrequencies.
Note that the quantities# ce and# ci arepositivein our nota-
tion. The wavesare describedby the following linearized
equations:10

# ! B =
4%
c

j , !2"

# ! E = !
1

c

$B

$t
, !3"

0 = E !
1

&e&n0c
j ! B0, !4"

wheren0 andB0%B0ez aretheequilibriumdensityandmag-
netic ÞeldandB, E, and j are the perturbedmagneticÞeld,
electricÞeld,andelectroncurrent.

Equations!2" and !3" are MaxwellÕs equationswithout
the displacementcurrent.The displacementcurrent can be
neglectedwhen the plasma is sufÞciently dense,so that
# pe$ # ce, where # pe%' 4%n0e2/me is the electronplasma
frequency. Equation!4" is theelectronequationof motion in
thezero-inertialimit, which is justiÞedat # & # ce. This equa-
tion implies that theplasmacurrentacrossthemagneticÞeld
is the electronHall current.It alsoshowsthat the perturbed
electric Þeld E is orthogonalto B0. The z componentof E
vanishes due to high electron conductivity along the
magnetic-Þeldlines, provided that the characteristicscale
lengthsof thewaveÞeldsandplasmadensityaregreaterthan
the plasmaskin depthc/# pe. Note that this assumptionau-
tomaticallyexcludeselectrostaticmodesfrom the analysis.

Sincethe plasmais uniform in the y direction,we usea
Fourier expansionof the perturbedÞeldsto selecta single
harmonicthat dependson y aseikyy. The time dependenceis
assumedto be e! i# t. Elimination of B and j reducesEqs.
!2"Ð!4" to a closedsetof equationsfor Ex andEy,

iky
$Ey

$x
+ ky

2Ex =
$2Ex

$z2 !
#

# ce

# pe
2

c2 iEy, !5"

iky
$Ex

$x
!

$2Ey

$x2 =
$2Ey

$z2 +
#

# ce

# pe
2

c2 iEx. !6"

As explainedin the Introduction,we will treat the z de-
rivatives as being smaller than ky and the x derivativesas
beingcomparableto ky. In this limit, theeigenfrequencyof a
whistler wavesatisÞesthe condition

# & # ce
ky

2c2

# pe
2 , !7"

whereky
2c2/# pe

2 & 1, andis given by5

# ( # ce

' kx
2 + ky

2&kz&c
2

# pe
2 , !8"

with kz=! i$/$z and kx=! i$/$x. We assumethat condition
!7" holds for all wavesunderconsideration,which makesit
convenientto introducea dimensionlessfunction

G %
#

# ce

# pe
2

ky
2c2 & 1 !9"

that will be treatedasa small quantity.
Next, we useEq. !5" to expressEx in Eq. !6" in termsof

Ey, $Ey/$x, and $2Ex/$z2. Collecting Ex terms on the left-
handsideandEy termson the right-handside,we Þnd that
Eqs.!5" and!6" transformto

iky
2Ex ! i

$2Ex

$z2 = ky
$Ey

$x
+ ky

2GEy, !10"

iky
$2

$z2)$Ex

$x
*! iky

2G
$2Ex

$z2 = ky
2$2Ey

$z2 ! ky
3$G

$x
Ey + ky

4G2Ey.

!11"

We now make use of the smallnessof the z derivatives
and G. To lowest order in thesesmall quantities,we put
$/$z=0 andG=0 in Eq. !10" to Þndthat

ikyEx =
$Ey

$x
. !12"

We use this relation to eliminateEx from Eq. !11" and we
omit thesecondtermon the left-handsideof Eq. !11", since
for G& 1 it is muchsmallerthan the Þrst term. We thereby
reduceEq. !11" to

$2

$z2)$2Ey

$x2 ! ky
2Ey*= ! ky

3$G

$x
Ey + ky

4G2Ey. !13"

It is convenientto eliminateky from Eq. !13" by replac-
ing x andz by x/ky andz/ky, with x andy beingdimension-
lessvariablesfrom now on. ThenEq. !13" takesthe form

$2

$z2)$2E

$x2 ! E*= !
$G

$x
E + G2E, !14"

wherethe subscripty is omitted for brevity, so that E%Ey.
As shownbelow, Eq. !14" describesboth the whistler waves
andthe slabversionof the RLH waves.
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In the caseof a longitudinally uniform plasma,$2/$z2

canbereplacedby ! ' z
2, with E( ei' zz. Consequently, Eq. !14"

takesthe form of a one-dimensionalSchršdingerÕs equation
for a ÒparticleÓwith an ÒenergyÓ) 0=! 1,

$2E

$x2 + #) 0 ! U!x"$E = 0, !15"

where

U!x" %
! 1

' z
2 )G2 !

$G

$x
* !16"

is theeffectivepotentialenergy. If theplasmais alsouniform
in x, then U!x" is a constantand Eq. !15" describesÒfree
motionÓwith a constantÒmomentum,Ói.e. E( ei' xx, with

' x = ± ' G2

' z
2 ! 1. !17"

Equation!17" is equivalentto thewhistlerdispersionrelation
in the limit of small longitudinalwavenumbers.5 ÒFreemo-
tionÓ implies that the potential energy is lower than ) 0,
which requiresG* &' z&.

In a nonuniform plasma,the dominantcontribution to
the potential energy tendsto come from $G/$x, as the G2

term is relatively small for G& 1. We observethat a mono-
tonically decreasingdensity proÞle can createa potential
well. For example,G!x"( const-arctan!x" producesa poten-
tial well locatedat x=0. Dependingon thedepthof thewell,
therecanbeoneor moreboundstates.Thedepthof thewell
scalesas' z

! 2, so that for anyboundstatethereexistsa value
of ' z suchthat the boundstateenergy is equalto ) 0.

Consider a step-like density proÞle that createsa +
well,11

U!x" (
1

' z
2

$G

$x
( !

&, G&

' z
2 +!x". !18"

Theenergy of theonly boundstatein this well is ! &, G&/2' z
2.

The requirementthat this energy equals) 0=! 1 selectsthe
following valueof ' z:

' z
2 = &, G&/2. !19"

This equationreproducesthedispersionrelationfor theRLH
wavesderivedin Ref. 7. We thusconcludethat, in the con-
text of the quantum-mechanicalanalogy, RLH wavesrepre-
sentdiscreteboundstates,whereaswhistlerwavesbelongto
the continuousspectrum.

III. NONRADIATIVE PROPAGATION OF RLH WAVES

In this section,we considerpropagationof RLH waves
in a longitudinally nonuniformplasmain the regimewhere
whistlerwavescanbeneglected.A genericdensityproÞleof
interestis shownin Fig. 1. It is nonuniformin thex direction,
with $n/$x- 0, sothattheplasmacansupportanRLH wave.
The density is z-dependentonly within a Þnite interval
aroundz=0. We assumethat thereis an incidentRLH wave
with a given frequency# at z! ! " .

Under the condition G& 1, RLH waves are typically
much shorterthan whistler waves.It follows from Eq. !17"

that the longitudinalscalelengthof whistlerwavesis at least
1/G. On the otherhand,the characteristiclongitudinalscale
lengthof RLH wavesis 1/ ' &, G&#seeEq. !19"$. For a non-
uniformity with &, G&+ G, RLH waves are indeed much
shorterthanwhistlerwaves.Longitudinalscalesof RLH and
whistler wavescan becomecomparableonly in the caseof
very weaknonuniformitywith &, G&. G2.

The differencein scalesimplies that RLH waves are
only weakly coupledto whistler waves.We can then limit
our considerationjust to RLH wavesandneglectin Eq. !14"
theG2 termthatis only importantfor whistlerwaves.For the
sakeof simplicity, we assumethat thedensitychangesin the
x direction on a scalesmaller than the transversescaleof
RLH waves.In this case,the transversedensitygradientcan
be treatedasa + function, so that

$G

$x
( ! &, G!z"&+!x", !20"

whereit is explicitly assumedthat$n!x,z"/$x- 0. This sim-
pliÞcationallows us to constructan x-localizedsolution in
the form

E!x,z" = E0!z"e
! &x&, !21"

which automaticallysatisÞesEq. !14", without the G2 term,
for x* 0 and x- 0. To Þnd an equationfor the amplitude
E0!z", we integrateEq. !14" over a small vicinity of x=0,
which yields

$2E0

$z2 = !
&, G!z"&

2
E0. !22"

If the plasmadensity is a smoothfunction of z with a
scalelengthmuchgreaterthan1/ ' &, G&, thenthe WKB ap-
proximation applies to the incident RLH wave, indicating
that the wave propagatesalong z without much reßection.
For shorterplasmadensityscalelengths,reßectionbecomes
increasinglyimportant.

FIG. 1. NormalizedplasmadensityproÞlewith a gradientalongthex axis.
The densitygradientchangesin the vicinity of z=0. The densityis normal-
ized to nmax%#n!x,z"$x! ! " ;z! ! " andcoordinatesx andz arenormalizedto
1/ky.
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The reßectionis mostpronouncedwhenthe densityhas
a discontinuityat z=0, suchthat

&, G!z"&= / !! z"&, G1&+ / !z"&, G2&, !23"

where/ !z" is the stepfunction and&, G1&and&, G2&are the
valuesof &, G&at z- 0 and z* 0, respectively. The corre-
spondingsolutionof Eq. !22" is

E0!z" =,E*e
iz' &, G1&/2! &x&+ E1e

! iz' &, G1&/2! &x&, z- 0;

E2e
iz' &, G2&/2! &x&, z* 0;

-
!24"

whereE* is a given amplitudeof the incident wave and E1
and E2 are the amplitudesof the reßectedand transmitted
RLH waves that satisfy matching conditions for E0 and
$E0/$z at z=0. The ensuing reßection coefÞcientR and
transmissioncoefÞcientT are

R=
&E1&

2

&E*&
2 = )1 ! 0

1 + 0
*2

, !25"

T = 1 !
&E1&

2

&E*&
2 =

40
!1 + 0"2 , !26"

where0 %' &, G2/ , G1&. As seenfrom theseexpressions,the
reßectionapproaches100%and the transmittedpowergoes
to zerofor 0 ! 0.

To be more precise,Eqs. !25" and !26" needto be cor-
rectedif the transversedensityjump at z* 0 is so small that
&, G2&. G2. In this case,the transmittedRLH wave is no
longer much shorterthan the whistler wavesradiatedfrom
the vicinity of the z=0 point. Although the whistler waves
needto be takeninto considerationto Þndthecorrectreßec-
tion andtransmissioncoefÞcients,thereßectionis still going
to be very closeto 100%,becausethe longitudinalscalesof
the incident RLH wave and the whistler wavesare signiÞ-
cantly different.

In order to addressthe situation with small &, G2&in
more detail, we considera specialcasein which , G2=0.
Then the plasmaat z* 0 can supportonly whistler waves
and all the transmittedpower is attributed to radiation of
whistlers.This caseinvolves a technicalchallenge,because
onehasto takeinto accountthelarge-scalecomponentof the
waveÞeldboth at z* 0 andz- 0. The next sectionpresents
an analytical treatmentof this problem. Our calculations
show that the radiatedpower is indeedsmallerthan the re-
ßectedpower and the ratio of the two is of the order of
G2/&, G1&.

IV. RADIATION OF WHISTLERS

In order to examinethe transformationof RLH waves
into large-scalewhistlerwaves,we retaintheG2 term in Eq.
!14" and put , G2=0 in the expressionfor $G/$x #seeEqs.
!20" and!23"$, so that

$2

$z2)$2E

$x2 ! E*! G2E = / !! z"+!x"E&, G1&. !27"

Similarly to theprevioussection,we areinterestedin the
limiting caseof &, G1&$ G2. However, we makeanadditional

simplifying assumptionthat &, G1&& &G&, which allows us to
treat G2 as a constantand makesEq. !27" parity-invariant
with respectto x.

Similarly to Eq. !21", the incidentRLH solution of Eq.
!27" is an evenfunction of x. It is thereforeappropriateto
limit our considerationto solutionsthat aresymmetricin x.
The correspondingFourier representationof E is

E' x
!z" = .

! "

+"

E!x,z"cos!' xx"dx, !28"

with E' x
satisfyingthe Fourier-transformedEq. !27",

!' x
2 + 1"

$2E' x

$12 + E' x
= ! / !! 1"22.

! "

+"

E' x!d' x! , !29"

where

1% zG, !30"

2 %' &, G1&

2%G2 $ 1. !31"

In this notation,the Þeld of the incident RLH wave is
E' x

!1"=3' x
ei' z1/G, where

3' x
=

1

' x
2 + 1 ! G2' z

2 (
1

' x
2 + 1

!32"

and the value of ' z is given by straightforwardlymodiÞed
Eq. !19",

&, G1&= 2&' z&' ' z
2 ! G2 ( 2' z

2. !33"

Note that the amplitudeof the incidentwave is not normal-
ized. The Þeld of the reßectedwave can then be written as
E' x

!1"=43' x
e! i' z1/G, where 4 is a complex amplitude that

remainsto be found. It is important to point out that 4 is
independentof ' x.

Taking into account the known structureof the RLH
waves,we representE' x

asa sumof threeterms,

E' x
!1" = 3' x

!ei' z1/G + 4e! i' z1/G"/ !! 1" + F' x
!1". !34"

The last term describesthe radiatedwhistler wavesthat ac-
companyreßectionof the incidentRLH wavefrom the den-
sity discontinuityat 1=0. The problemnow reducesto Þnd-
ing F' x

!1" and4 from Eq. !29".
The Þeld of the radiatedwhistler wave at 1* 0, where

the right-handside of Eq. !29" vanishes,can easily be ex-
pressedin termsof the total Þeldat 1=0,

F' x
!1" = E' x

!0"eis1, !35"

where

s% 1/' ' x
2 + 1, !36"

ands is positive,becausethereareno whistlerwavescoming
from 1= +" .

For 1- 0, Eqs.!29" and!34" yield
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$2F' x

$12 + s2F' x
=

Q!1"

' x
2 + 1

, !37"

whereQ!1" is a functionalof F' x
!1",

Q!1" % ! 22.
! "

+"

F' x!!1"d' x! . !38"

Equation!37" describesradiationof whistlerwavesby a self-
consistentlydeterminedsourceQ!1". This equationgivesthe
following expressionfor F' x

!1" in termsof Q!1":

F' x
!1" = A' x

eis1 + B' x
e! is1

!
i

2s/.! "

z Q!5"

' x
2 + 1

eis!1! 5"d5+ .
z

0 Q!5"

' x
2 + 1

eis!5! 1"d50,

!39"

whereA' x
and B' x

are functionsof ' x only. The continuity
conditionsfor E' x

and $E' x
/$1 at 1=0 yield two equations

for A' x
andB' x

,

3' x
!1 + 4" + A' x

+ B' x
!

i

2s
.

! "

0 Q!5"

' x
2 + 1

e! is5d5= E' x
!0",

!40"

' z

G
3' x

!1 ! 4" + s!A' x
! B' x

" !
i

2
.

! "

0 Q!5"

' x
2 + 1

e! is5d5= sE' x
!0".

!41"

We now eliminate A' x
and B' x

from Eq. !39", which
gives

F' x
!1" = E' x

!0"eis1 ! 3' x/!1 + 4"cos!s1"

+
i' z

sG
!1 ! 4"sin!s1"0

+.
z

0

Q!5"
sin!s#5! 1$"

s!' x
2 + 1"

d5. !42"

Thereareno whistler wavescomingfrom 1=! " and,there-
fore, all termsproportionalto eis1 on the right-handside of
Eq. !42" mustvanishas1! ! " , which determinesE' x

!0",

E' x
!0" =

3' x

2
/!1 + 4" +

' z

sG
!1 ! 4"0!

i

2
.

! "

0 Q!5"e! is5

s!' x
2 + 1"

d5.

!43"

In order to Þnd 4, we note that Eq. !43" must give a
Þnite value of 1! "

+" E' x
!0"d' x. On the other hand, it follows

from Eq. !43" that E' x
!0" is proportionalto 1/&' x&for large

valuesof &' x&,

E' x
!0" (

' z

2&' x&G
/!1 ! 4" !

iG

' z
.

! "

0

Q!5"d50. !44"

For theintegral1! "
+" E' x

!0"d' x to converge,thesquare-bracket
term in Eq. !44" mustvanish.This requirementyields

4 = 1 !
iG

' z
.

! "

0

Q!5"d5( 1 !
1

2) i
' %
.

! "

0

Q!5"d5*. !45"

Next, we useEqs.!43" and!45" to eliminateE' x
!0" and

4 from Eq. !42",

F' x
!1" = ! 3' x

e! is1 +
i

2
)G

' z
+

1

s
*3' x

e! is1

! .
! "

0

Q!5"d5!
i

2
.

1

0 Q!5"eis!5! 1"

s!' x
2 + 1"

d5

!
i

2
.

! "

1 Q!5"eis!1! 5"

s!' x
2 + 1"

d5. !46"

Finally, we integrateEq. !46" over ' x to obtain an integral
equationfor Q!1",

Q!1"

22 = .
! "

+" e! is1d' x

' x
2 + 1

!
i

2/.! "

+" e! is1d' x

' ' x
2 + 1

0
! .

! "

0

Q!5"d5+
i

2
.

! "

+"

d' x.
1

0 Q!5"eis!5! 1"

' ' x
2 + 1

d5

+
i

2
.

! "

+"

d' x.
! "

1 Q!5"eis!1! 5"

' ' x
2 + 1

d5. !47"

In deriving Eq. !47", we have taken into account that
' z$ sG, so that3k( 1/ !' x

2+1". After Q!1" is foundfrom Eq.
!47", onecanreadily calculatethe amplitudeof the reßected
wavefrom Eq. !45".

Beinginterestedin thelimiting caseof 2$ 1, we neglect
the left-handside in Eq. !47". The resultingequationhasa
universal form, as it doesnot contain 2. It can be solved
iteratively, following the proceduredescribedin theAppen-
dix. The correspondingsolutionof Eq. !47" is shownin Fig.
2. It yields the following valueof 4 #seeEq. !45"$:

FIG. 2. Realandimaginarypartsof the solutionof Eq. !47" in the limiting
caseof 2$ 1.
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4 ( 1 !
0.377

2
. !48"

The ensuingreßectionandtransmissioncoefÞcientsare

R= &4&2 ( 1 !
0.754

2
, !49"

T = 1 ! R(
0.754

2
. !50"

V. SUMMARY

We haveconsideredthe propagationof waveswith fre-
quenciesin theheliconrange!# ce$ # $ # ci" througha mag-
netizednonuniformplasma,wherethe equilibrium magnetic
Þeld is directedalongthe z axis andthe equilibrium plasma
densityis a function of x andz only. The wavesundercon-
siderationhavea Þnitey componentof the wavevector!ky"
and their characteristiclongitudinal scale is much longer
than ky

! 1, whereasthe characteristictransversescalesare
comparableto ky

! 1.
Thereare two distinct typesof wavesin the considered

frequencyrange:RLH and whistler waves.In the caseof a
longitudinallyuniform plasmawith a densitygradientacross
the magneticÞeld, the wave equationtakesthe form of a
one-dimensionalSchršdingerÕs equation#Eq. !15"$. We have
shown that RLH waves representdiscrete bound states,
whereaswhistler wavesbelongto the continuousspectrum.

In Secs.III andIV we useda slabconÞgurationto ana-
lyze the reßectionof an RLH wavetraveling in the z direc-
tion in a longitudinallynonuniformplasma.Theplasmaden-
sity is independentof z at z! +" , so that reßectiontakes
placewithin a Þnite interval aroundz=0, wherethe plasma
densityis both x- andz-dependent.In general,the reßection
of RLH wavesis accompaniedby the radiationof whistlers.

The wave Þeld structureis decidedby the proÞleof a
single dimensionlessfunction G%!# /# ce"!# pe

2 /ky
2c2" that is

proportionalto theplasmadensity#Eq. !9"$. This function is
a small quantity for the wavesunderconsideration!G& 1"
and,asa result, the RLH andwhistler waveshavedifferent
longitudinal scalelengthsand are only weakly coupled.In
the caseof &, G&+ G, where, G correspondsto the density
dropacrossthemagneticÞeld,RLH wavesaremuchshorter
thanwhistler waves.

Takingadvantageof weakcouplingbetweenRLH waves
andwhistlers,we Þrstaddresstheproblemof RLH reßection
without radiationof whistlers.The reßectionoff the longitu-
dinal nonuniformity is most pronouncedwhen its scale
length is much shorterthan the longitudinal scalelength of
theincidentwave.ThecorrespondingreßectioncoefÞcientis

R=)1 ! 0
1 + 0

*2

, !51"

where0 %' &, G2/ , G1&, and&, G1&and&, G2&correspondto
the densitydrop acrossthe magneticÞeldat z- 0 andz* 0,
respectively. The reßection approaches100% for 0 ! 0.
Equation!51" is valid only if the transversedensityjump at
z* 0 is not very small !&, G2&* G2".

Radiatedwhistler wavesmust be takeninto accountin
the caseof a very weak nonuniformity !&, G2&. G2", when
the longitudinal scale length of the radiatedwhistlers be-
comescomparableto that of the transmittedRLH wave. In
orderto addressthesituationwith small , G2 in moredetail,
we haveconsidereda specialcasein which , G2=0. In this
case,theplasmaat z* 0 cansupportonly whistlerwavesand
all the transmittedpower is attributed to the radiation of
whistlers. The ensuing reßection coefÞcient#Eq. !49"$ is
closeto unity, becausethe longitudinalscalesof the incident
RLH waveandtheradiatedwhistlersaresigniÞcantlydiffer-
ent.

Finally, it mustbe pointedout that the smallnessof the
dimensionlessfunction G implies that the wavesundercon-
siderationare elongated,such that the characteristicscale
length of the wave Þeld along the magnetic-Þeldlines is
much bigger than the characteristicscalelength acrossthe
Þeldlines. Indeed,it follows from thedispersionrelationfor
theRLH waves#seeEq. !19"$that theconditionG& 1 trans-
latesinto ' z& 1, where' z is the longitudinal componentof
the wave vector normalizedto ky. The extent of the RLH
wave elongationdeterminesthe coupling betweenthe RLH
andthe whistler waves.For example,the fraction of the in-
cidentRLH waveenergy thatgoesinto theradiatedwhistlers
is roughlyequalto ' z for a nonuniformitywith &, G&+ G #see
Eqs. !31" and !50"$. Therefore, coupling between RLH
wavesand whistlersshouldbe strongerin compactplasma
sourceswith an orderof unity aspectratio.
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APPENDIX: ITERATIVE PROCEDURE FOR SOLVING
EQ. ã47É

Beinginterestedin thelimiting caseof 2$ 1, we neglect
theleft-handsidein Eq. !47". To improvetheconvergenceof
integrals in Eq. !47", we differentiateEq. !47" twice with
respectto 1. The resultingequationhasa universalform, as
it doesnot contain2,

! .
! "

+" e! is1d' x

! ' x
2 + 1"2

= %Q!1" !
i

2/.! "

+" e! is1d' x

! ' x
2 + 1"3/20

! .
! "

0

Q!5"d5+
i

2
.

! "

+"

d' x.
1

0 Q!5"eis!5! 1"

! ' x
2 + 1"3/2 d5

+
i

2
.

! "

+"

d' x.
! "

1 Q!5"eis!1! 5"

! ' x
2 + 1"3/2 d5. !A1"

It is convenientto eliminateoscillationsin Q!1" by introduc-
ing a new function,
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W!1" % Q!1"ei1. !A2"

Equation!A1" transformsto

! .
! "

+" e! i!s! 1"1d' x

! ' x
2 + 1"2

= %W!1" ! R!1".
! "

0

W!5"e! i5d5

+ .
1

0

R!1! 5"W!5"d5+ .
! "

1

A!5! 1"W!5"d5,

!A3"

where

R!1" %
i

2
.

! "

+" e! i!s! 1"1d' x

! ' x
2 + 1"3/2 , !A4"

A!1" %
i

2
.

! "

+" e! i!s+1"1d' x

! ' x
2 + 1"3/2 . !A5"

We solveEq. !A3" numerically, usingconsecutiveitera-
tions.Our Þrststepis to ÞndW0!1" satisfyingthe equation

! .
! "

+" e! i!s! 1"1d' x

! ' x
2 + 1"2 = %W0!1" + .

1

0

R!1! 5"W0!5"d5.

!A6"

We thenuseW0!1" to computethetermsin Eq. !A3" thatdid
not enterEq. !A6". Our nextstep,which is theÞrstiteration,
is to ÞndW1!1" satisfyingthe equation

! .
! "

+" e! i!s! 1"1d' x

! ' x
2 + 1"2

= %W1!1" ! R!1".
! "

0

W0!5"e! i5d5

+ .
1

0

R!1! 5"W1!5"d5+ .
! "

1

A!5! 1"W0!5"d5.

!A7"

After that, we replaceW0!1" by W1!1" andW1!1" by W2!1".
This gives us an equationfor our seconditeration that we
solve to Þnd W2!1". We continue this procedureuntil we
achievedesirableprecision.

Since&W!1"&! 0 as 1! ! " , we cantruncatethe interval
on which the equationis solved,

1! #1*,0$. !A8"

We take 1* =! !N! 1"+=! 80, where+=0.02 is the stepsize
andN=4001is the numberof grid pointson a uniform grid
that we use.We compute4 after eachiteration and we de-
terminethe convergenceby trackingthe valueof 4. It takes
15 iterationsfor the relativechangein 4 to becomesmaller
than1%.Thesolutionof Eq. !47" after15 iterationsis shown
in Fig. 2.
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